The stability behavior w ith respect to internal m odes is discussed for a class o f tokamak equilibria with non-circular cross-sections and essentially flat current profiles. The stability analysis is done by com puter both sym bolically and num erically w ith the help o f a normal mode code, which extrem izes the Lagrangian o f the system . I t is found th a t the stability lim it agrees well w ith that o f the Mercier criterion. There are stable high-beta equilibria in this model.
Introduction
The ideal magnetohydrodynamic (MHD) approx imation for describing a plasma is very useful for understanding present tokam ak experiments and for designing new devices. In this paper we present results obtained from a computer code which solves for the complete spectrum of normal modes. The method consists in extremizing the Lagrangian of the system connected with linearized perturba tions around an equilibrium configuration using a Galerkin procedure leading to a m atrix eigenvalue problem [1] .
The class of equilibria is characterized by a pressure profile, p = po -p' W, and a poloidal current profile, T = XBq, = R[Bq2 + 2 ¥/ dp'/{I + a 2)]1/2 , with po, p', Bq, d, a as constants. The flux function 'P is given by
'F = p'[Z*{Xz -R * d ) (1) -f-a 2 (A2 -i?2)2/4]/2(l + a 2).
Here R is the radius of the magnetic axis and X, < p , Z denote the usual cylindrical coordinate system. The stability analysis is performed in a non-orthogonal flux coordinate system \p, < p , 0. For details, we refer to [1] [2] [3] [4] , The toroidal current density is
and the (contravariant) poloidal current density jdis j° = X x d R2(p')2IT{l +oc2)2 , 
Near the magnetic axis, ip = 0, the flux surfaces are ellipses with a half-axis ratio e = a/(l -(5)1/2 (5) and become D-shaped further outward. The condition that the flux surfaces all be closed within the plasma region imposes the following restrictions: (6) where ipb denotes the value a t the plasma boundary The inverse aspect ratio e is approximately given by e = xpbIR2.
An approximation for the plasma beta, valid for small e is of the form 1 + a 2 e2
where g(0 ) denotes the value of the safety factor a t the magnetic axis. We emphasize th a t all con figurations have non-vanishing magnetic shear. The magnitude of this shear is given by the inverse aspect ratio and by the poloidal current, i.e. by the parameters e and <3. Only the cylindrical limit is shearless. Typical g-profiles are shown in Figure 1 . The method and the first application of the code are published in [1] . The main results can be summarized as follows: Toroidal effects are de stabilizing for free surface modes, i.e. the conduct ing wall is far away from the plasma. The stability of internal modes, however, is improved by the toroidicity. Another application of our code has been to provide an independent check of the general Princeton equilibrium and stability code [5] and of the Lausanne code [6 ] . A careful comparison of the results has given confidence in all three approaches and will be reported elsewhere [7] .
In previous publications concerning our equilib rium model, [1, 6 -8] , only a few configurations, viz. d = 0 and a = l,2 , or 4, are treated. In this paper we discuss the stability behavior in the full param eter space for modes which leave the plasma boundary unperturbed. We consider only nonaxisymmetric perturbations, i.e. w^O in Equation (10) . In particular, the connection with the stability limit of a necessary (Mercier) criterion [9, 10] is discussed. Determ ination of points of marginal stability requires correct evaluation of very small eigenvalues. The strongest restriction on the safety factor from Mercier's criterion is given in the neighborhood of the magnetic axis, see [2] . There fore, we can use an analytical form, e.g. th a t of Lortz and Nührenberg [11] , which is valid for small distances from the magnetic axis. The value of ^(0) necessary for stability is plotted in Fig. 2 as a function of the elongation e for different values of <5.
Accuracy of the Code
A good representation of the spectrum of normal modes is achieved by using a non-orthogonal flux coordinate system y, cp, 6 and by expanding the displacement vector \ into modified eigenfunctions of the corresponding straight configurations. By taking advantage of the special analytic equilibrium and with an extended algebraic calculation using the symbolic language REDUCE [12] the mapping and the 6 integrations are performed accurately. Integrations over xp are done with high-order Gaussian quadratures; see also [1] , [7] .
The normal mode approach has the property th at the lowest eigenvalue is always approxim ated from above as the number of expansion functions is increased. No instability is then found for a stable system. I t is our experience th a t with the set of global Fourier-Bessel expansion functions, Figure 3 shows convergence studies for a small aspect ratio case with elliptical cross-section (e_1 = 3, e = 2 , < 5 = 0, <70 = 0.7, qb= 1.22). Up to 15 Fourier components and 9 global radial expan sion function have been used. In the eigenvalue problem matrices up to a dimension of 270 X 270 are treated. Such a case needs about 2 minutes CPU time on the Garching IBM 360/91 computer.
Results
In the following discussion we present results for configurations with large aspect ratios, £_1 ^ 10, and small aspect ratios, e_1 = 4 and 3. Here, n and I denote the toroidal and poloidal wave numbers in Equation (10) . We sometimes denote as Iq the dominant Fourier component in the poloidal 
with a constant plasma density £>o • A strong MHD instability with Q2 an -1 corre sponds to a time scale of the order of microseconds, a weak instability with Q2 -10~6 to milli seconds.
Large Aspect Ratio, e_1 > 10
The first interesting result is th a t for an almost circular cross-section, e = 1, no unstable n = 1 mode, " internal kink" , exists. This holds for all values of a and 6 with e=a/(l -<3)1/2= 1 . This result is in agreement with [6 , 8] . The critical safety factor from the necessary criterion has the value g(0 )cr = 1. This stability limit is approached by modes with a toroidal wave number n -> oo and a dom inant Fourier component lo = n -1, i.e. short wavelength modes. Instabilities then exist for q(0)anlo/n = (n -l)/n. We are able to find such unstable modes for 2 n 14, as shown in Figure 4 .
The (p and 6 integrations for evaluating the m atrix elements are done very accurately be means of an extensive algebraic calculation [1, 12] . No difficulty is then caused by the fact th a t for a case with n = 14 and 15 Fourier components centered around Iq = 14 the poloidal wave number I varies between 7 and 21. A different method with a numerical 0 integration may, however, require a special procedure for such high I numbers. The eigenvalues for 2 5^ n ^ 8 are quite accurate, at least up to 5% . The range of instability Q2 = Q2(q) in Fig. 4 does not significantly change when more functions are included. For higher n values, n ^ 10, more expansion functions both in 6 and xp are necessary for convergence.
Instead of determining the stability boundary in terms of q for a given elongation, we now determine the critical elongation when ^(0 ) and n are kept fixed. We begin with the fundamental mode n= 1. The safety factor is chosen as g(0) = 1. The results for the corresponding cylindrical equilibria, [13 -15] , indicate th a t the interesting mode should basi cally be a n = 1 and Iq = 1 mode. The growth rates computed as a function of e for values of d = -2 , -1,0, 0.5, 0.75 are shown in Figure 5a . In Table 1 the computed critical elongations for marginal stability are listed. The two marginal points ecr define an interval in e with stability with respect to the n = 1 mode. These values agree well with the localized criterion, [11] and Figure 2 . The critical safety factor from the necessary criterion is evalu--STxK)'
•j I l t " , ated for the computed eC T and also listed in Table 1 .
The agreement with the chosen value 5 (0 ) = ! is again very good. I t is interesting to note th at the stability limit is now given by a long wavelength mode. I t is seen from Fig. 5 th a t only a little to even better agreement with the necessary criterion. In particular, the inclusion of more radial functions will produce stable modes with growth rates closer to zero. In order to discuss further details, it is instructive to look at the corresponding eigenfunctions. The eigenfunctions of the dom inant Fourier component Z 0 = 1 for n = 1 and Iq = 2 for n -2, are plotted in Figs. 6 smaller, with the exception oftheZo ± 1 components. Here only the toroidal component I «5 is present. This coupling is due to toroidal effects and can be explained by studying the spectrum a t the origin, [16] . Assuming | | | d/dw | , the marginal points of the potential energy are defined by the following equations (see also [4] ):
V'ZJX 2 = 0 .
Here denotes the p art of the displacement vector perpendicular to the magnetic field.
Combining Eqs. (12) and (13) 
I with F f = t-iV > ±ip gi6. Evaluating Eq. (14) shows th a t |f 0;ri is of the order of £f0 and [ipflo), and th a t £f0±1 and [ipfi0±l) are small and hence is as well. It is seen from Fig. 6 . 7 th a t the eigenfunctions are gross modes similar to the straight system eigenfunctions, but vanish in the outer p art of the plasma, where the shear is strongest. I f g(0) is chosen smaller than 1.0 , the eigenfunctions now extend in the radial direction up to the plasma boundary, as can be seen from Figs. 6 and 7. More then one instability, corresponding to eigenfunctions with several radial nodes, exist. The shape of the eigenfunctions does not depend much on whether e is close to eC T or not. Generally, instabilities exist for a mode with wave numbers n and Iq if nq(0 ) has values between lo -r]i and Zo + ^2 with con stants rji , rj2 (^i =|= rj2 )-But, if for an unstable mode the elongation e approaches the value eCT, the interval in <?(0 ) for which instabilities occur shrinks to one point q(0) = nßo. For n= 1 and Zo=l this point is g(0) = 1. This is shown in Figure 8 . Accord ing to Mercier [17] such a configuration with e = 1 is marginally stable for g(0) = l. The numerical evaluation of the Mercier criterion for finite e even indicates stability for ^(0) = 1. Hence, the con sidered n= 1, uq = 1 mode, would be unstable in a Mercier stable region. B ut such an instability is not found.
Pao [18] has shown th a t a n= 1 and ?o=l instability of a circular cylinder should also occur in the corresponding toroidal configurations. Because of the weak shear near the axis in our equilibrium model the singular region, which is assumed to be small in [18] , is here of considerable radial extent and so this analysis cannot be applied here.
The region of stability with respect to the n = 1 mode can be enlarged by a suitable choice of the poloidal current. For a paramagnetic current distribution, <5<0, the stable region occurs for e < 1, i.e. lying ellipses, and for a diamagnetic one, <5>0, for standing ellipses. This stabilizing effect m ay be im portant for Belt Pinch devices with a possible increase in the plasma beta by a factor of 5 to 10 compared with the circular cross-section. The results from a similar analysis for n= 1 and <7(0) = 2.0 are shown in Fig. 5b and Table 1 . Note th a t for elliptical cross-sections more Fourier terms are necessary for convergence.
Finally, we can summarize the results concerning stability: The stability limit agrees well with th a t of the Mercier criterion for all values of a and d. If for a chosen g(0) = lo/n the necessary criterion is violated there, is an unstable mode with a wave number n and nq(0) -Iq^O. This result has been obtained for different values of n with n varying between one and five and in some cases up to 15.
We have not found any unstable mode, e.g. a ballooning type mode [19] [20] [21] , in the Mercier stable domain of param eter space. Our results indicate th a t such modes -if they exist -have very high wave numbers n, I, i.e. n much larger than 10, or very small growthrates, i.e. | Q2 1 10-6 oc e6 .
Small Aspect Ratio, e_1 & 4 or 3
I t is an im portant question whether additional instabilities occur if the aspect ratio is decreased. I t turns out th a t toroidicity improves the stability behavior.
We again examine the n = 1 mode. For an almost circular cross-section, e-1, this mode remains stable for small aspect ratio. For <7 (0) = 0.99 the critical elongation for marginal stability is listed in Table 2 . These values are very similar to the large aspect ratio cases with increased regions of stability.
We discuss in detail the stability of a JET-like configuration, e = 2 , with two different values of ßv. The aspect ratio chosen is e_1 = 4. For smaller values of £-1 the param eter S, restricted by <5< 1 -2e, is essentially zero and hence ßv = 1.
The two cases differ in the stability boundary of the necessary criterion, gcr= 1 .3 7 for < 5 = 0 and qCT= 1.18 for 6 = 0.4. The q profiles are plotted in Figure 1 . The growth rates of the unstable modes with n -1,2,3, and 4 are plotted in Figure 9 . 
Summary
The MHD stability is discussed for a class of analytic tokam ak equilibria with essentially flat volume current profiles but with elliptical or D-shaped cross-sections. The normal modes of the system are computed using a Ritz-Galerkin procedure in the Lagrangian formalism. The equilibria of this model are highly unstable with respect to external kink perturbations. But, at least theoretically, these instabilities can be stabilized by a perfectly conducting wall placed on the plasma surface. With our method small eigenvalues can be evaluated correctly and the points of marginal stability can be determined precisely.
The basic result is th a t the stability limit for a fixed plasma boundary agrees with th a t of the Mercier criterion for this entire class of tokam ak equilibria. For a circular cross-section, e= 1, there is no unstable n= 1 mode, " internal kink" , and the stability limit is given by short-wavelength modes with large n and Iq. For shaped cross-sections the stability limit is also reached by n -1 modes.
The equilibria considered here have a poloidal plasma beta, which cannot be increased arbitrarily but is considerably smaller then the aspect ratio. This fact may explain the absence of ballooning type modes. We conclude th at such modes -if they exist -have very high wave numbers.
The study of other equilibria with peaked current profiles is planned for the future. We expect th a t a stabilizing effect on the external kink instabilities is connected with more internal instabilities. An interesting question then is whether the flattening of the current profile in some areas, e.g. around q = 2 and q -3 surfaces, again has a benefical effect on the internal modes.
